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Abstract
We study the thermodynamics of degenerate electron and charged vector
boson gases in very intense magnetic fields. In degenerate conditions of the
electron gas, the pressure transverse to the magnetic field may vanish, lead-
ing to a transverse collapse. For W bosons an instability arises because the
magnetization diverges at the critical field Bc = M2W /e. If the magnetic field
is self-consistently maintained, either the transverse collapse occurs at fields
of order 2Bc/3, or the instability is avoided by some cooling mechanism.
I. INTRODUCTION
Large magnetic elds can be generated due to gravitational and rotational eects in
stellar objects like supernovas and neutron stars, i.e., magnetic elds of order 1020G and
larger have been suggested to exist in the cores of neutron stars [1]. Gauge theories establish
a limit on the magnetic eld, the critical upper bound for stable vacua being Bc = M
2
W /e ’
1024 G. Fields of that order may have been created at the electroweak phase transition (see
[3], [2]). The galactic and intergalactic magnetic elds can be considered as relics of such
huge magnetic elds in the early Universe [4]- [8]. In astrophysics, also the critical eld
Bc0 = m
2
e/e  1013 G is relevant.
Nielsen, Olesen and Ambjrn [9], [10] showed by considering static solutions of the equa-
tions of motion of the electroweak gauge bosons (W and Z) that the vacuum possesses
the properties of a ferromagnet or an antiscreening superconductor for B  Bc. It thus
seems relevant to study the electroweak medium in a strong magnetic eld of the order of
the critical magnetic elds. The implications of these results for astroparticle physics and
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cosmology are expected to be interesting. Our rst task would be to construct the density
matrix of the standard model in the highly magnetized medium. As in preceding papers
(Refs. [11], [12]), we only consider the rst generation of leptons and quarks just for the
sake of simplicity. Here we shall calculate the magnetization due to the charged leptons and
intermediate vector bosons in the standard model.
At this point we emphasize than in the density matrix ρ = 1Z e
(H−µiNi)β only conserved
charges Ni can be introduced [12]. These are the lepton and quark numbers N1,N2, and the
electric charge N3. (We should not consider a chemical potential associated to the neutral
charge [13], since in general it is not conserved ).
To start with we shall write some basic formulae. The partition function Z which is ob-
tained from the density matrix leads to the thermodynamic potential Ω = −T lnZ involving
the contributions from the species of leptons and quarks involved, which are considered to
be in chemical equilibrium among themselves through the boson elds, described by equa-
tions among their chemical potentials [11] of the sort µW+ = µν + µe+, µdL + µW+ = µuL,
µe+,W+ + µe−,W− = 0. From this general thermodynamical potential we will choose the
electron and W sectors exhibiting interesting eects in the astrophysical and cosmological
scenarios respectively in the presence of extremely strong magnetic elds (B  Bc0 and
B  Bc).
II. THE THERMODYNAMICAL POTENTIAL
In the astrophysical scenario the electron-positron gas thermodynamics is of more inter-
est, if we are restricted to the rst generation of leptons and quarks. In the cosmological
context, we will be concerned especially with the W sector.
The one-loop thermodynamical potential of the electron-positron sector is Ωe = Ωse+Ω0e,
where
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]
, (1)
where the sum extends over all Landau quantum numbers and the degeneracy factor is




e + 2eBn and β = T
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(2)
where again we sum over all Landau quantum numbers and the degeneracy factor is bn =





















































which diverges at B = Bc, leading to a vacuum instability.
The mean density of particles minus antiparticles (average charge divided by e) is given by
Ne,W = −∂Ωe,W /∂µe,W . Throughout the paper we assume that there is always a background











e − n−e )
]
, (5)
where ne = [exp(Eq  µe)β + 1]−1.






























p − n−p )
]
(6)
with n0p = [exp(0q  µW )β − 1]−1, np = [exp(q  µW )β − 1]−1.
The magnetization is given by the contribution of electrons and charged vector bosons.
It depends on the density of particles plus antiparticles, and it is,
MW,e = −∂ΩW,e/∂B (7)
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√





































III. EQUATION OF STATE
At this point it is especially interesting to discuss the equation of state of the system.
Again, the partial pressures of the species involved contribute to it. By starting from the
energy-momentum tensor,
Tµ,ν = (T∂Ω/∂T + µ∂Ω/∂µ)δ4,µδν4 + 4FµρFνρ∂Ω/∂F 2 − δµνΩ, (11)
[14] for the electrically charged particles, we obtain dierent equations of state (we are taking
the thermodynamic potential per unit volume) for directions parallel and perpendicular to
the magnetic eld,
p3 = −Ω, p? = −Ω−BM. (12)
For negative M, which occurs for magnetic elds not strong enough, the diamagnetic con-
tribution from higher excited Landau states provides a contribution to the pressure which
is positive, thus p? > p3. In astrophysics such an eect is usually dominant and it leads
to the well-known flattening eect in white dwarfs and neutron stars [16], [17]. But for
positive magnetization, the transverse pressure exerted by the charged particles is smaller
than the longitudinal one by the amount BM. The extreme case is found for magnetic
elds, eB  T 2, when the electrons are conned to the Landau ground state n = 0. (In
what follows we will ignore the vacuum contribution to electron-positron pressure and mag-
netization, which is justied at the scale of densities and elds considered below). We have
Ω = BM where,
Me = e
2pi2











(13) is always positive, and the system behaves as paramagnetic or ferromagnetic. But one
of the most important eects we have in this limit is that the transverse pressure vanishes,
p? = −Ω− BMe = 0. (14)
(This is the lower bound for the pressure. For fermions, the pressure cannot be negative).
If we consider a white dwarf star in which the predominating contribution to the pressure
is from the electron gas, the vanishing of p? means that the gravitational pressure (of order
GM2/R4 where R is the geometric average radius of the star) cannot be compensated and an
instability appears leading to a transverse collapse, i.e., the resulting object (a neutron star
or a black hole) would be ellipsoidal, stretched along the direction of the magnetic eld, as a
cigar (a more quantitative study of the problem would require solving the Einstein equations
in the Kerr metric). It is interesting to nd the critical conditions for the occurrence of this












and the condition for I(x) < 1 might be found in some astrophysical conditions, e.g., for
Ne  1030, it is enough that B > Bc0  1013 G to satisfy it. For densities of the order of
neutron stars, where a background of electrons and protons exist, if Ne = 10
39, the previous
condition, if valid, would lead to B > 1019G.
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IV. DEGENERATE W GAS
The W population in the Landau ground state is signicant if d =
√
M2W − eB  T .
In the degenerate limit, e.g. for
√
M2W + eB/T  1, one can neglect the contribution from
excited Landau states and by taking only the n = 0 term in (10), one can approximate the










The rst term, is the diamagnetic contribution which vanishes as T ! 0. The third is the







[ln(1− eB/M2W ) + ln M2W /eB]
, whose most important term is the second one which contributes para- or ferromagnetically
for B > M2/2e, having a logarithmic divergence as B ! Bc. This leads to a negative
pressure of the vacuum, leading to an instability, for elds greater than some eld Bn,
Bc/2 < Bn < Bc. The rst and the third terms of M0W contribute diamagnetically. But
for B ! Bc the dominant term in (16) is the second, which is also para- or ferromagnetic,
having a stronger divergence (inverse square root) than the vacuum term. To have a more
explicit form for (16), one must write µW in terms of the charge density. When conned to







































Taking N  1039, T  10−8 ergs and B  Bc, one can neglect the unity in the square





The most important consequence is that the contribution of this magnetization to the
transverse pressure of the W gas would be negative (see (10)), and if MWB contributes
more than the pressure of other species, (the partial pressure p3 = ΩW even decreases as
B ! Bc) an instability occurs since the total pressure would be negative. Thus, for stability
we must assume some backgound able to keep the total pressure p?  0.
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The cases considered previously are a sort of condensation for fermions and bosons in
the n = 0 state, but some sort of Bose-Einstein condensation actually takes place [15] for
bosons. For small momentum and magnetic elds strong enough B  Bc, the term 1/d
dominates and the main contribution to the W propagator comes from the low momentum
gauge bosons [12,15].
In the absence of a magnetic eld, the quantum degeneracy of the W -boson sector leads
to condensation, which at T ’ 0 has been estimated [18] to occur induced by neutrino
densities of order ncν = M
3
W /6pi
2 ’ 1045cm−3. (A condensation also occurs near the critical
temperature for the electroweak phase transition [19], but at arbitrary small fermion (lepton
minus baryon) density). At any temperature, a spontaneous magnetization would appear in
the condensate of charged bosons, say W+, even at zero external eld H = B−M = 0. This
spontaneous magnetization could self-consistently maintain the microscopic eld B = Me,W .
V. SELF-CONSISTENT MAGNETIZATION CONDITION
Let us assume the magnetization large enough to maintain the internal eld B self-
consistently. Let us assume very large densities in the medium, such that µe  m. The
dominant term in (9) is (13)  2pi2N2e /eB2 and in (10) it is (19)  eNW /2d. At B  Bc =
1.06  1024 Gauss, we obtain that the self consistent critical eld is reached at an electron
density Ne  1048 electrons/cm3.
At such eld intensities MW diverges, but if we write the self-consistency condition for
the W sector, we have
B = M = eNW
2d
(20)
Let us write eB = x2M2W and since 0  x  1, we get easily the expression
x2
p





2  1049 cm−3, even for NW exceeding largely the nuclear density, A can be
extremely small (For A  1, NW  1049 cm−3. For such densities, the horizon of events is
 1 cm). By writing y = x2p1− x2 we have a curve having an increasing branch starting
from x = 0 up to a maximum at xM =
√
2/3, y = A1 = 2
p
3/9, compatible with a
density NW  1048 cm−3. The transverse collapse takes place at such a density: since the
W contribution to Ω is negligibly small, the pressure p3 = −Ω comes essentially from the
fermion (electron) background. If the self-consistency is reached for B = M 2Bc/3, then
p3 = −Ω  BMe  1048 dynes/cm2and p?  0. We have also a decreasing branch from
x = xM to x = 1, compatible with densities smaller than 10
48 cm−3. Thus, when solving
(21), which leads to a cubic equation, for A > A1, we will not have real solutions. However,
for A  A1 we have two real positive solutions for x ( coinciding for x2 = 2/3). For A 1,
these solutions are x1 = A
√
1 + A2/2 and x2 =
p
1− A2. The rst solution means that B
increases with increasing NW , (up to the value BM = 2MW /3e). In the second solution B
decreases as a function of NW , its limit for NW ! 0 being Bc. This obviously indicates
that the expression for the magnetization must include the contribution from Landau states
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other than the ground state, which leads to a diamagnetic response to the eld. This would
compensate the increase of the self-consistent eld with increasing NW to keep B < Bc.
By assuming eB  T and taking n(p3, n) = 4pi2NWnδ(p3)/eB as the distributions in these
Landau states, we may rewrite the condition for self-magnetization as [12]









where we have called the ground state charge density NWg , and the charge density in the
other Landau states n = 0, 1, 2..,NWn (the total W charge density being NW = NWg +∑1
0 NWn) and dn =
√
M2W + 2eB(n + 1/2). For B not very near Bc, the densities in the
excited states are so small that they can be neglected, since NWn  NWg, and NWg  NW .
When the self-consistent eld grows, exceeding BM = 2Bc/3 , we have ∂B/∂NWg < 0 and
∂B/∂NWn > 0. This means that excited Landau states start to be populated. Conservation
of charges demands that the condensate in the ground state decreases in favour of the
increase of the population in other Landau states, which starts to grow and contributes
diamagnetically to the total magnetization keeping M = B < Bc. But for the system
reacting in this way, an enormous amount of energy (and angular momentum) would be
required, of order respectively NWMW and NW (Here we neglect the running of MW ).
Let us assume that in some stage of the early universe a very large external eld H  Bc
was present (e. g. due to an extremely fast rotation of the system or due to some other
mechanism [3]). If T MW , as happened near and below the electroweak phase transition,
using up the energy and angular momentum of the background radiation, W pairs will
be produced in the energetic more favorable Landau ground state (having a "mass" = d),
and this process would be even more favored as the magnetic eld approaches Bc even for
lower temperatures. The magnetization M is given by an expression similar to the second
term in (10), in which the expressions for the particle-antiparticle densities would be in
equilibrium with the electromagnetic background radiation. This means that one must take
the chemical potential as zero (equal number of W). Then, M e2BT/4pi2d. The density
of particle + antiparticle pairs would then be ’ eBT  1048 cm−3, and the microscopic eld
B starts to be maintained self-consistently. We would have the situation discussed in the
previous paragraph. The process of W pair creation in the external eld would lead to a
creation of order from disorder, i.e., to an eective cooling of the subsystem considered - if
the transverse collapse has not occurred - in the system.
VI. CONCLUSIONS
We conclude, rst, that if a degenerate electron gas is conned to its Landau ground
state, its transverse pressure vanishes. This phenomenon establishes a limit to the magnetic
elds expected to be observable in white dwarfs, and even in neutron stars. Second, that the
instability of the vacuum in magnetic elds B  Bc, when it takes place in a hot and dense
medium, is avoided, since either a transverse collapse is produced at elds of order 2Bc/3,
or else the self-consistent magnetization prevents the instability by a mechanism leading to
a cooling of the system.
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